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Table 2.2: A simple generative grammar.

Table 2.3: A slightly

more complex generative grammar.
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N — Adj N Table 2.4: A generative grammar with a recursive production rule.

Definition 2.1 (Kleene Star). Let > be an alphabet, i.e. a finite set of distinct
symbols. A string is a finite concatenation of elements of . ¥* is defined as the
set of all possible strings over ..

3" can equivalently be defined recursively as follows:

1. Basis: € € X*.
2. Recursive step: If w € ¥* and @ € ¥, then wa € ¥*.

3. Closure: w € X7 only if it can be obtained from ¢ by a finite number of
applications of the recursive step.

For any nonempty alphabet ., >* contains infinitely many elements.
by 3
0 {e}
{a} {e. a, aa, aaa, . . .}
{0,1} {€,0,1,00,01,10, 11,000,001, 010,011 ...}

[8,% £} | 16,8, %, £,58, $x, 8.8, 48, sk %8, £, Li, L2, 585 5%, ...}

Definition 2.2. A language [ over an alphabet Y is a subset of ¥7:
i X

A language is thus a possibly infinite set of finite-length sequences of elements
(strings) drawn from a specified finite set (its alphabet ¥0).

The union of two languages L and M over an alphabet X is defined as:
LUM = {w S | we LVwe ﬂ[}

The intersection of two languages L and M over an alphabet X is defined as:
LNM:= {u* e X | weLAwE ﬂ[}

The concatenation of two languages L and M is defined as:

LM = {uz' | v LAvE ﬂ[}



Example 2.1. [, is the language over ¥ = {0, 1} consisting of all strings that
begins with 1.

Ly ={1,10,11,100,101,.. .}

Lo is the language over X = {0, 1} consisting of all strings that contains an
even number of (’s.

Ly = {e.1,00,11.001,010. 100,0011, . ..}

L is the language over ¥ = {a, b} consisting of all strings that contains as
many «’s and b’s.

Ly = {e, ab, ba, aabb, abab, baba, bbaa, . . .}

L, is the language over 3 = {ux'} consisting of all strings that contains a prime
number of x’s.

fa = {5, 005, CT0EE, SLTTTLE, BETEXRETERE, . . .}
Definition 2.3. A grammar & is formally defined as a quadruple
(= (¥, V, £, 8)
with
e X a finite set of terminal symbols (the alphabet)

e 1/: a finite set of non-terminal symbols (the variables), usually with the
condition that V' N Y = (.

e [’: a finite set of production rules
e S ¢ V' the start symbol.

Non-terminal symbols are usually represented by uppercase letters, terminal sym-
bols by lowercase letters, and the start symbol by S.

4 % ! *

Example 2.2. Let us consider the following grammar:

Alphabet 3:  {0,1,+}
Variables V:  {S, N}
Productionrules P: S — N|N+ S
N—-0|1|NN
Start symbol: S

The corresponding language contains simple expressions corresponding to the
additions of binary numbers, such as w = 10 + 0 + 1. One possible derivation of
w is as follows:



This derivation can be represented by the following syntax tree:

N+S <>
NN+ 8§

IN+35 @
10+ 8

104+ N+ S <>® <>
100+N+N

10+N+1

104+0-+1 Figure 2.3: Syntax tree corresponding to one possible derivation of “10 + 0 + 17.

L I

Definition 2.4. All the production rules of a right regular grammar are of the
form:

A—ayz... X

where A is a non-terminal symbol, xyz ... zero or more terminal symbols, and X'
zero or one non-terminal symbol. A /leff regular grammar have productions rules
of the form:

A— Xzyz. ..

A regular grammar is either a left regular or a right regular grammar.
23 ! % Pl
23 !

Example 2.4. An archetypical regular language is:

= {”mbn

m,n > 0}

L is the language of all strings over the alphabet ¥ = {a,b} where all the a’s
precede the b’s: L = {€, a,b,aa,ab,bb, aaa, aab, .. .}.

5 ! !
Symbol Stands for...
+ at least one occurrence of the preceding symbol
* zero, one, or more occurrences of the preceding symbol
? zero or one occurrence of the preceding symbol
| logical “or”
€ the empty string

Examples of regular expressions

Regular Expression Elements of the Language

abc abc

a*bc bc, abc, aabc, aaabc, aaaabc, ...
go+gle gogle, google, gooogle, ...
pfeiff?er pfeifer, pfeiffer

pf(ale)ifer pfaifer, pfeifer



! ) !
% % *
Definition 2.6. A context-free grammar is a grammar whose productions rules are
all of the form:
A— .

Definition 2.7. A language L is said to be a context-free language if there exists
a context-free grammar (, such that L = L(G).

In other words, a context-free language is a language that can be generated by
a context-free grammar.

Example 2.5. A simple context-free grammar is
S —aSh|e
It generates the context-free language

L={a""|n>0}

which consists of all strings that contain some number of «’s followed by the same
number of b’s: L = {e, ab, aabb, aaabbb, . . .}.

!
A BNF (Backus-Naur form or Backus normal form) is a particular syntax used to

express context-free grammars in a slightly more convenient way. A derivation
rule in the original BNF specification is written as

< symbol > ::= < expression with symbols >
Terminal symbols are usually enclosed within quotation marks (*...” or *...7):

< number > = < digit > | < digit >< number >
wdights g= %07 |1 |2 | %3 %4 | “BF | 67 ¥ | “&* | “9®
Example 2.8. The following grammar in EBNF notation defines a simplified
HTML syntax:

document = element ;
element = (text | list) ™
text = fN..T |%9.2 | .9 | =57F;
list ‘<ul>" listElement * “</ul>’

‘<ol>" listElement * ‘</ol>" ;
‘<li>" element ;

listElement

Figure 2.4 shows the syntax tree corresponding to the following simplified
HTML code:

Buy<ol><li>Fruits<ul><li>Apple<li>Banana</ul><li>Pasta<li>Water</ol>
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Table 2.6: A simple unambiguous context-free grammar. 23
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